Directed Sets of Normal Bases

This section develops some properties of directed sets of normal bases, especially
in the case of a discrete space. The main result: For an infinite discrete space, any
compactification, which is a supremum of finite-point compactifications or, equivalently,
which is zero-dimensional, can be obtained from a normal basis via the Wallman-Frink
construction. Notation and definitions from [6] will be used without additional reference
here.

Nested Normal Bases
Lemma R9.1.1 Let (X, 7) be a T3% space and let Z; and Z5 be normal bases with
Zl Q ZQ. Then
i) If F is a Zy-filter, then F N Z; is a Z;-filter.
ii) For every x € X, F,2N 2, = F, .
iii) Assume for every F in w(Z23) that F N Z; is in w(Z21).
Then [(w(22), 12)] = [(@(Z1), 1),

Proof: Conclusions i) and ii) are straightforward consequences of the definitions. The
added assumption of iii) allows definition of h : w(Z2) — w(Z1) by h(F)=F N 2Z;. Let S
be closed in w(Z;) and let F ¢ h™1[S]. Then h(F) ¢ S and so there is Z € Z; such that
S C Z¥ and Z ¢ h(F). By the definition of h, Z ¢ F and h=1[S] C Z“ and thus h™1[S] is
closed. Clearly from ii) h oty = ¢, and so the dense ¢;[X] is contained in hjw(Z2)], which
is closed by the continuity of A and the compactness of w(Z5). Thus h is the continuous
surjection required to show the claimed inequality.

Definition R9.1.2 [1] Let (X,7) be a T31 space with normal basis Z. Let F be a
Z-filter. F is prime if and only if AU B € F with A, B € Z implies A € F or B € F.

It is easy to check that every Z-ultrafilter must be prime, and there is an example in
[1] of a prime Z-filter which is not a Z-ultrafilter. However, the following does hold.

Lemma R9.1.3 Let (X, 7) be a T3, space with normal basis Z, and let 7 be a prime
Z-filter. Then there is a unique Z-ultrafilter containing F. It is {Z € Z: Z N F # () for
all F' e F}.

Proof: Let G ={Z € Z:ZNF #( for all F € F}. G is clearly a non-empty family
of non-empty Z-sets with the needed superset property. Let Z1,Z5 € G, let F' € F, and
suppose Z1 N Zs N F = (). Since Z is a normal basis, there are C,D € Z with CUD = X,
Zi1NF CX—C,and ZsNF C X — D. Since F is prime and contains X, either CNF € F
or DNF e F. But Z1N(FNC) and Ze N (F N D) are both empty, so that either case
leads to a contradiction. Thus G is a Z-filter. Clearly any Z-filter containing F must be
contained in G, and so G is the unique Z-ultrafilter containing F.

Lemma R9.1.4 Let (X,7) be a T3% space and let Z; and Z5 be normal bases with
Z1 C Z5. Let F € w(Z2). Then F N 2, is a prime Z;-filter.

Proof: This follows easily from the fact that the Z;-ultrafilter F must be prime.

Note that R9.1.3 and R9.1.4 allow the definition of a map h : w(Z2) — w(Z1) which
reduces to the map used in the proof of R9.1.1iii if F N Z; is always a Zj-ultrafilter. At
present I cannot determine whether the map must be continuous in the general case.

Lemma R9.1.5 Let (X, 7) be a T3% space and let Z; and Z, be normal bases with

Z1 C Z5. Assume that, whenever A € Z; and B € Z5 with AN B = (), there is C' € Z;
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with B C C and ANC = (. Then for every F in w(Z2), F N 21 is in w(Zy).

Proof: Let F in w(Z5) and suppose A € Z; with ANF # () for all F € FN Z;. By
the previous two lemmas, it is sufficient to show that A € F. If not, there is B € F with
AN B = (. By hypothesis there is C € Z; with B C C and ANC = (). By the superset
property for the Zo-filter F, C' € F N Z1, which contradicts the assumption about A.

Example R9.1.6 Let (X, 7) be Ty, let Z denote the collection of all closed subsets
of X, and let Z(X) denote the zero-sets of X. By normality Z is a normal basis and
of course the normal basis Z(X) is contained in Z. Since disjoint closed sets can be
separated by a continuous map into [0, 1], the hypothesis of R9.1.5 holds. By R9.1.1iii
[(W(Z),t2)] > [(W(Z(X)),12(x))]- In fact, equality must hold since by P3.14 the latter is
the class of the Stone-Cech compactification. For any X which is not perfectly normal,
Z(X) is a proper subset of Z, and so it is possible for distinct nested normal bases to
generate equivalent compactifications.

For the rest of this section, definitions, results and terminology from subsection 3 of
[8] will be used extensively.

Lemma R9.1.7 Let (X, 7) be an infinite discrete space and let E' be an n-compatible
equivalence relation on X. Then Z(F) is closed under complementaion.

Proof: Let Z € Z(F) be associated with A C {1,...,n}. It is clear from the definitions
that X — Z is associated with {1,...,n} — A andso X — Z € Z(E).

Proposition R9.1.8 Let (X, 7) be an infinite discrete space. Let E and F' be equiv-
alence relations on X, which are respectively n-compatible and m-compatible. Assume
Z(E) € Z(F). Then [(w(Z(E)),tz(k))] < [(W(Z(F)), 12(m)]-

Proof: Let A € Z(E) and B € Z(F) with AN B = (. Then B C X — A and
X — A € Z(F) by R9.1.7. Thus the hypothesis of R9.1.5 holds. The conclusion follows
from that and R9.1.1iii.

Corollary R9.1.9 Let (X, 7) be an infinite discrete space. Let E and F' be equivalence
relations on X, which are respectively n-compatible and m-compatible.

Assume Z(F) C Z(F'). Then n < m.

Proof: The conclusion of the preceding result means there is a continuous surjection
h:w(Z(F)) — w(Z(F)) with hotzpy = tz(g). Since h maps point filters to point filters,
the preimages of the n non-point ultrafilters in w(Z(F)) must lie in the set of m non-point
ultrafilters of w(Z(F)). Thus n < m.

Lemma R9.1.10 Let (X, 7) be an infinite discrete space. Let E and F' be equivalence
relations on X, which are respectively n-compatible and m-compatible. Let F1,..., E,
and F1i,..., F,, be the distinct infinite equivalence classes of E and F respectively. Then
Z(FE) C Z(F) if and only if E; € Z(F) for every j.

Proof: For j € {1,...,n}, E; is associated with {1,...,n} — {j} and so E; € Z(FE).
Thus the desired conclusion is immediate if Z(E) C Z(F'). Now assume E; € Z(F) for
all j, and, relative to F', let E; be associated with v; C {1,...,m}. This implies that
U{FN(X —Ej):i ¢} = (U{F :i¢~;})— E; is finite. Let Z € Z(FE) be associated
(relative to E) with § C {1,...,n}. For j € §, since Z N Ej; is finite, Z N (U{F; : i ¢ v;})
is finite. Likewise, for j ¢ 6, since (X — Z) N Ej is finite, (X — Z) N (U{F; : i ¢ ~;}) is
finite. Let Ay = U{{1,...,m} —~; : j € 6} and Ay = U{{1,...,m} —~; : j ¢ 6}. Note
that Z N F; is finite for ¢ € Ay and (X — Z) N F; is finite for i € Ag. I claim that Z is
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associated (relative to F') with Ay and so Z € Z(F). For the claim it is sufficient to show
that Ay = {1,...,m} — A1. Since each F; is infinite, clearly A; N Ay = (). Now suppose
i €{l,...,m}buti g Ay UAs. Then i € v; for every j € {1,...,n} so that F; N (U}_; Ej)
is finite. Since X — (U7_; E;) is also finite, F; would have to be finite, a contradiction.

Lemma R9.1.11 Let (X, 7) be an infinite discrete space. Let F' be an m-compatible
equivalence relation on X, and let Fi,..., F,, be the distinct infinite equivalence classes
of F. For each i € {1,...,m}, F{¥ contains exactly one non-point ultrafilter.

Proof: By R5.3.7 the distinct non-point Z(F')-ultrafilters are Gy, ..., G,,, where G =
{Z € Z(F) : Z is associated with some A C {1,...,m} —{k}}. Since F; is associated with
{1,...,m} —{i}, F;, € G; and F; ¢ G, for k # i, i.e., G; € F¥ and Gy, ¢ F* for k # i.

The final result of this subsection establishes the converse of R9.1.8. To avoid ambi-
guity e and f will be used as sub- or superscripts to locate objects, e.g., F¢ will denote the
point ultrafilter of x in w(Z(E)) and (5“)s will denote the collection of Z(F')-ultrafilters
containing 5.

Proposition R9.1.12 Let (X, 7) be an infinite discrete space. Let F and F be
equivalence relations on X, which are respectively n-compatible and m-compatible.

IF [(W(Z(E)), t2(5))] < [(@(Z(F)), i2(r)], then Z(E) C Z(F).

Proof: Let F1,...,E, and Fi,..., F,, be the distinct infinite equivalence classes of F
and F' respectively. By hypothesis thereis g : w(Z(F)) — w(Z(F)), a continuous surjection
with g(F) = F¢ for all * € X. Suppose E; ¢ Z(F). Then there is i € {1,...,m} such
that both E; N F; and (X — E;) N F; are infinite. Let S; = {fg cx € E;NF;} and
Sy = {.7-"5 cx € (X — Ej)NF;}. S1 and Sy are non-compact subsets of the closed set
(EF¥)¢. Then ¢(S1) and ¢(S2) (closures in w(Z(F'))) must both contain at least one non-
point Z(F)-ultrafilter and so by R9.1.11 ¢(S1) N¢(S2) # 0. But S1 € g~ '[(EY)c] and
Sy C g7 (X — E;)¥], which are disjoint closed sets, a contradiction. Thus E; € Z(F) for
al j and the conclusion follows from R9.1.10.

Directed Sets and Suprema

Lemma R9.2.1 Let (X, 7) be a T3, space and let {Z, : v € I'} be a non-empty set
of normal bases for X. Let Z = U{Z, : vy € I'}. If {Z, : v € I'} is a directed set under
containment, then Z is a normal basis.

Proof: Since I # (), Z inherits the basis property and the disjunctive property (P3.1iii
in [4]) from any Z,. Because of the directed set assumption, any finite subset of Z must
also be a subset of some Z,. It follows immediately that Z satisfies the normality property
(P3.1iv) and is closed under finite unions and intersections.

For the next three results of this subsection, the following will be assumed: (X, 7) is
an infinite discrete space, and {E, : v € I'} is a non-empty set of equivalence relations on
X with E, n.,-compatible for each 7. Suppose {Z(E,) : v € I'} is a directed set under
containment, and let Z = U{Z(E,) : y € T'}.

The notational convention for suprema described at the beginning of [7] will also be
used.

In this context, R9.1.1ii implies that every point Z-ultrafilter can be represented as
a union, i.e., for any v € X, F, = U{F) : v € I'}, where F) denotes the point filter
determined by z in w(Z(Ey). The following lemmas show that this representation extends
to a general Z-ultrafilter.



Lemma R9.2.2 If ¥ € w(Z), then FN Z(E,) € w(Z(Ey)) for every v € I.

Proof: Let y € I', A€ Z,, and B € Z with AN B = (. Then X — A € Z(E,) by
R9.1.7 and B C X — A. The conclusion follows from R9.1.5.

The above says every Z-ultrafilter can be described as a union of Z(E, )-ultrafilters.
The next lemma shows that Z-ultrafilters can be constructed from below by taking a union
of a suitable collection of Z(E., )-ultrafilters.

Lemma R9.2.3 Let 7, € w(Z(E,)) for every v € I'. Also assume that, for 6,7 € T,
if Z(E5) C Z(Ey), then F5 C F,,. Then F = U{F, : v € I'} is a Z-ultrafilter.

Proof: Clearly F is a non-empty family of non-empty Z-sets. Given F; and F» in
F,or FF C Z where FF € F and Z € Z, the hypothesis together with the directed set
assumption for the normal bases imply that both sets are in F, for some 7. Thus F has
the superset property and is closed under finite intersections. Now suppose G is a Z-filter
with F C G, and let Z € G. Pick v with Z € Z(E,). The Z(E,)-ultrafilter F,, is contained
in the Z(E,)-filter G N Z(E,), and so Z € F, C F. Thus F is a Z-ultrafilter.

Proposition R9.2.4 (w(Z),:z) is equivalent to \/{(w(Z(E,)),tz(g,)) : v € T}

Proof: By lemmas R9.2.2 and R9.1.1iii, [(w(Z),t2)] > [(W(Z2(E)),tz(£,))] for every
v € I'. Now suppose [(Y, f)] > [(W(Z(E)),tz(e,)] for every v € T, and let g, : ¥ —
w(Z(E,)) be the unique continuous surjection with g, o f = 1z(g ). For 6,7 € ' with
Z(Es5) € Z(E,), by R9.1.8 there is a continuous surjection h,s : w(Z(E,)) — w(Z(Es))
such that hys o tz(g,) = tz(g,)- Combining the two functional equations, one obtains
hysogno f = tz(g,) so that, by uniqueness, hyso g, = gs. Also, as in the proof of R9.1.1iii,
hys(F) = FNZ(Es). Thus for any y € Y, g, (y) N Z(E5) = g5(y). This shows that for any
y € Y the hypothesis of R9.2.3 applies to {g,(y) : v €'}, and soamap g : Y — w(Z) can
be defined by g(y) = U{g,(y) : v € I'}. It is easy to check that go f = 1z. To see that g is
continuous, let Z € Z. It is sufficient to show that the inverse image of the basic closed set
Z¥ is closed in Y. Pick n € I such that Z € Z(E,). Following the definitions, one easily
sees that g~'[Z%] = g;"'[Zy], where Z;{" denotes the basic closed set of Z(E,)-ultrafilters
containg Z. Since g, is continuous, ¢~ [Z¥] is closed in Y. Since ¢g[Y] contains the dense
tz|X] and g is closed because it is continuous from compact Y into a 7% space, ¢ is onto.
Thus g is the map needed to show that [(Y, f)] > [(w(Z2),tz)].

Lemma R9.2.5 Let (X, 7) be a T3, space, and let (Y, f) and (W, g) be finite-point
compactifications of X. Then the supremum of (Y, f) and (W, g) is also a finite-point
compactification of X. Moreover, if |Y — f[X]| = k and |W — ¢[X]| = n, then the
supremum has at most kn non-X points.

Proof: Let S = {(f(x),g(x)) : x € X}, where the closureisin Y x W, and let h: X —
S by h(z) = (f(z),g(x)). By R3.1.2 (S,h) = (Y, f) V (W, g). Let (a,b) € S — h[X]. There
is a net {z;} such that {h(x¢)} = {(f(x¢),g(z¢))} converges to (a,b). Then f(z;) — a and
g(z¢) — b. If a € f[X] sothat a = f(z) for some z, then, since f is a homeomorphism from
X to f[X], z+ — x and so g(x¢) — g(x). By uniqueness of limits in a T5 space, g(x) = b.
Then (a,b) = (f(x),g(x)) is in h[X], a contradiction. Thus a € Y — f[X] and similarly
b e W — g[X]. Therefore S — h[X] is contaned in the finite set (Y — f[X]) x (W — g[X]),
which has at most kn points.

Theorem R9.2.6 Let (X,7) be an infinite discrete space and let (Y, f) be a Th
compactification of X. If (Y, f) can be represented as a supremum of finite-point compact-
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ifications, then there is a normal basis Z for X such that (Y, f) is equivalent to (w(Z),tz).

Proof: Suppose (Y, f) = V{(Ya, fa) : @« € A}, where A # () and each (Y, f,) is
a finite-point compactification of X. Let I' be the set of non-empty finite subsets of A.
For v € ' let (Sy,9+) = V{(Ya, fa) : @ € v}. By R9.2.5 each (S5, g4) is a finite-point
compactification and clearly (Y, f) = V{(Sy,94) : v € I'}. By R5.1.2 and R5.3.8, for
each 7 € I, there is an n.-compatible equivalence relation E, on X such that (S, gy) is
equivalent to (wW(Z(E,)), 1z ))- By R9.1.12,if 6,7 € " and § C 7, then Z(E;) C Z(E,).
Thus {Z(Ey) : v € I'} is a directed set under containment and so the hypothses of R9.2.4
are satisfied. Z = U{Z(E,) : v € I'} is the required normal basis.

Connection to the Frink Question

In 1964 Frink [3] asked whether every compactification of a T: 31 space (X, 7) must be
equivalent to w(Z) for some normal basis Z of X. In Theorem 8.11 of [2], Chandler shows
that Frink’s question can be reduced to the discrete case, i.e., the answer is positive in
general if it is positive for every compactification of an infinite discrete space. Theorem
R9.2.6 above identifies a class of compactifications of discrete spaces which can be generated
with a normal basis. This subsection will examine that class in more detail.

Proposition R9.3.1 Let (X, 7) be a non-compact, locally compact, extremely dis-
connected T space and let (Y, f) be a finite-point 75 compactification of X. Then Y is
zero-dimensional.

Proof: Let |Y — f[X]|| = n. By R5.1.2 [8] there is an n-star of X, which determines
an n-point compactification equivalent to (Y, f), i.e., there is a pairwise disjoint family
{G; : i =1,...,n} of open sets in X whose union has a compact complement K such
that K U G; is not compact for each i. The equivalent compactification is (W, h), where
W =XU{p1,...,pn} for some distinct p1,...,p, not in X, h: X — W by h(z) = z, and
the topology on Wis o ={OCW :0NX €7 and p; € O = (X — O) NG, has compact
closure in X'}. It is sufficient to show that (W, o) has a basis of clopen sets.

Let O € o and first consider x € ONX. Since X is extremely disconnected and regular,
X is zero-dimensional. Using local compactness, there is F' compact and clopen in X such
that x € F C ONX. Clearly F' € o and, since F' is compact as a subset of W, F'is clopen
in W. Now suppose p; € O. Since G; U {p;} € o, by regularity there is G* € o such that
pi € G* Cew(G*) CON(G;U{p;}). Let G =G*NX. Since X is extremely disconnected
and G € 7, cx(G) is clopen in X. Since G is a subset of the X-closed cy (G*)N X, we have
cx(G) C ew(G*) and so p; € cx(G) U{pi} C cw(G*) C O. To finish, it is sufficient to
show that cx(G) U{p;} is clopen in W. First, (cx(G)U{p;}) N X = cx(G), which is open
in X. Also (X — (ex(G)U{p:})) NG; C (X — G*) NGy, which has compact closure in X.
Thus cx(G) U{p;} € 0. Finally, let H =W — (ex(G) U {p;}). HNX = X —cx(G) € 7.
For j #14, p; € H and (X — H) NG, = cx(G) N G; = 0, which is compact. Thus H € o
and cx(G) U {p;} is also closed in W.

Corollary R9.3.2 Let (X, 7) be an infinite discrete space and let (Y, f) be a finite-
point T compactification of X. Then Y is zero-dimensional.

Proof: An infinite discrete space satifies the hypothesis of R9.3.1.

For the rest of this subsection some notation from [5] will be used: 7B(X) denotes the
set of totally bounded uniformities on X that generate 7; for U € TB(X), ¥o(U) denotes
the equivalence class of compactifications associated with U; and, for locally compact X,
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Uy, denotes the smallest element of 7B(X). When X is discrete, U,, = {U C X x X :
U DU ,S; xS; where Si,...S, covers X and at least one S; has a finite complement }.

Theorem R9.3.3 Let (X,7) be an infinite discrete space and let (Y, f) be a Th
compactification of X. Then Y is zero-dimensional if and only if (Y, f) can be represented
as a supremum of finite-point compactifications.

Proof: By the Magill-Glasenapp theorem ( R6.3.11 in [9]), the supremum of a collec-
tion of zero-dimensional compactifications is also zero-dimensional. This combined with
R9.3.2 verifies one direction of the conclusion.

For the converse assume Y is zero-dimensional and let 4 € TB(X) with ¥o(U) =
(Y, f)]. By R1.5 [5] and R5.2.4 [8] it is sufficient to show that U = \/{U,, VUE : E is an
n-compatible equivalence relation on X for some n and E € U}. It is clear that U contains
the supremum, since U,,, C U. For the reverse containment let U € U and let V be the
unique uniformity for Y. The map f from (X,U) is a unimorphism onto f[X], where f[X]
has the subspace uniformity from Y. Thuslet V' € V such that fx f[U] = (f[X]x f[X])NV,
and let W €V with W =W~ and Wo W C V. It follows easily that W[y] x W[y] C V
for any y € Y. By the zero-dimensionality of Y, for each y € Y there is a clopen G, with
ye Gy CWly] and G, x G, C V. By compactness there is a finite subcover G1,...,Gp,.
Let Hi = Gy andfor2 <j <mlet H; = Gj—(Ug;llGi). Each H; is clopen and Hy, ..., H,,
is a partition of Y. The corresponding equivalence relation F' = U*; H; x H; is an open
neighborhood of the diagonal in Y and so F' € V. Moreover, since H; x H; C G; x G,
FCV. Let E=(fxf)7(f[X] x f[X])NF]. Then E € U and E C U. It is routine
to verify that E is an n-compatible equivalence relation on X for some n < m and so
Uel,, VUg CU,ie. U isin the supremum.

Corollary R9.3.4 Let (X,7) be an infinite discrete space and let (Y, f) be a Ty
compactification of X. If Y is zero-dimensional, then there is a normal basis Z for X such
that (Y, f) is equivalent to (w(Z),tz).

Proof: This is immediate from R9.3.3 and R9.2.6.

This subsection concludes with an example: a compactification of a discrete space
which is not zero-dimensional. The following lemma, which applies to any infinite discrete
space, will be used below.

Lemma R9.3.5 Let (X,7) be a non-compact, locally compact T space. Let E,F
be equivalence relations on X with E k-compatible and F [-compatible. Assume that
the equivalence classes of both E and F' are all open. Then E N F' is an n-compatible
equivalence relation for some n < kl. In addition, all the equivalence classes of E N F' are
open.

Proof: Clearly, ENF is an equivalence relation for X with equivalence classes given by
[z]Enr = ] N [z]F so that the equivalence classes of E N F are all open. Let Gy, ..., Gk
be the E-equivalence classes which form a k-star and let H, ..., H; be the F-classes which
form an [-star. There are kl open sets of the form G; N H;, which form a pairwise disjoint
collection. Let K3 = X —Uf_ |G, and Ky = X — Ué-:lHj. Then K = X —U{G;, N H; :
1<i<kandl<j<I[}=K;UK,, which is compact. Let n be the number of G; N H;
such that K U (G; N Hj) is non-compact. By definition these form an n-star and so EN F
is n-compatible.

For rest of this subsection (X, 7) denotes [0, 1] with the discrete topology and V the

6



uniformity for X generated by the absolute value metric. As mentioned in [4], basic sets for
V are of the form V. = {(z,y) : |z — y| < €}. Exponents will indicate iterated compsition
of a relation, e.g., R?> = Ro R, R> = Ro Ro R, etc.

Lemma R9.3.6 Let v and J be positive real numbers, and let S be a subset of X with
X — S finite. Let W = (S x S)U{(z,x) : x € X—S5}. Then (V;NW)o(VsNW) =V, 1sNW.

Proof: By the triangle inequality V,, o V5 C V.5, which immediately yields (V, NW)o
(VsnW) C V4 sNW. For the reverse containment let (z,y) € V,4sNW and assume without
loss of generality that x <y. If y < x +~, then (z,y) e V, NW C (V,; NW)o (VsNW).
Otherwise x +v <y <x+7+96. Let e =x+v7+d—y. Since X — S is finite, it is possible
to pick t € S with max{z,z+~v—€} <t <x++. Then (z,t) € V,; N W and |y —t| < ¢ so
that (y,t) € Vs N W. Therefore (z,y) € (V, NW)o (VsNW).

Example R9.3.7 Let U = V V U,,, where as usual U,,, denotes the smallest element
of TB((X,7)). Since (X,V) is totally bounded, U € TB((X,7)) by P2.13 and P2.14 [4].
It will be shown that the compactification Wo(if) is not zero-dimensional. By R9.3.3 it
is sufficient to show that Wy (Uf) is not the supremum of finite-point compactifications or,
equivalently, that U # \/{U,, V Ug : E is an n-compatible equivalence relation on X for
some n and F € U}. To be specific, it will be shown that V1 which is in U, is not in the
supremum. If we deny this, then, using R9.3.5 and the fact that uniformities are closed
under finite intersections, there must be an n-compatible equivalence relation £ € U and
Wi € U,, such that E N W; C V% . By the definition of i, there must be S; such that
S1x S1 C Wy and X — S is finite. Let V = {(z,z) :x € X —S1}U S x S1. V €U, and
so VNE €U. There is Wy € Uy, and € > 0 such that Wo NV, C VN E. As before, there is
Sy such that So x So C Wy and X — S5 is finite. Let W = {(z,z) : © € X — So} U Se x Ss.
Then WNV.eld and WNV, CVNE C V%. Since V N E is an equivalence relation,
for any n, (VN E)" =V N E. From these facts and R9.3.6 (W N V)" =W NV, C Vi

for all n. Pick n large enough that ne > 1. Pick t € [0,£]N S, and s € [2,1] N S5. Then
(s,t) € WNV,e but (s,t) ¢ V1, a contradiction.

Albert J. Klein 2004
http://www.susanjkleinart.com/compactification/
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Added 2023

In [12] it is shown how a normal basis Z determines the separated totally bounded
uniformity associated with the class of (w(Z),tz). This allows the removal of certain
restrictions in R9.1.1.iii and R9.2.4 as follows:

Corollary R14.Add.2 Let (X, 7) be a T3% space and let Z; and Z5 be normal bases
with Z; C Z5. Then (w(Z21),tz,) < (w(22),tz,).

Corollary R14.Add.7 Let (X,7) be a T31 space and let {Z5 : § € A} be a non-
empty collection of normal bases for (X, 7) which is a directed set relative to containment.
Let Z2 = U{Zs : § € A}. Then Z is a normal basis for (X,7) and (w(Z),tz) acts as a
supremum for {(Z5,1z,) : 6 € A}.

Given normal bases Z; and Zs for (X,7) with Z; C Z5, and knowing R14.Add.2,
one can describe the connecting continuous surjection in the definition of <. This uses the
facts that F in w(Z) implies F N 2, is a prime Z;-filter (R9.1.4) and that a prime Z;-filter
is contained in a unique Z;-ultrafilter (R9.1.3).

The notation for the next result is complicated by considering two normal bases.
The embeddings map = € X to the respective point ultrafilters; in the notation from the
beginning of this section, F,? in w(Z3) and F,! in w(Z1). For Z € Z;, Z“ is the set of all
elements of w(Z;) containing Z. By P3.6 the collection of all Z“i for Z € Z; is a normal
basis for w(Z;).

Proposition R9.Add.1 Let (X, 7) be a T3% space and let Z; and Z5 be normal bases
with 21 C Z5. Let ¢ : w(22) — w(Z1) be the continuous map such that ¢ o1z, = 1z,.
Then for F € w(Z2), ¢(F) is the unique Z;-ultrafilter containing F N Z;.

Proof: Let F € w(Z2). By R9.1.3 and R9.1.4, since ¢(F) is a Zj-ultrafilter, it is
sufficient to show that F N Z; C ¢(F). Let Z € FN Z; and suppose Z ¢ ¢(F). By P3.3ii
there is W € ¢(F) C Z; such that Z N W = (). By the definition of a normal basis, there
are C,D € Z; suchthat CUD =X, Z C X —C,and W C X — D. Let {x,} be a net
in X such that tz,(z,) = F, i converges to F. By the continuity of ¢ and the hypothesis,

€T

O(F,2) = 1z,(xa) = F,- converges to ¢(F). Since DNW =0, D ¢ ¢(F), i.e., (F) is in

T T

the open set w(Z;) — D“'. By convergence there is ag such that a > «g implies fxi is in

that open set, i.e., D ¢ fxi, ie., xo & D. Since Z; C Z5, both C and Z are in Z,. Since
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ZeFand CNZ=10,C¢& F,ie., F isin the open set w(Zs) — C""2. By convergence
there is a1 such that a > a7 implies .7-}2 is in the open set, i.e. C ¢ F, , ie., zq ¢ C. By
the directed set property of the indices there is v with v > ag and v 2 Qaq. Then xy & D
and z, ¢ C, which contradicts z, € X = C U D.

The conclusion of the previous result suggests a question: Could one define the map
¢ first and then show that it is the continuous connecting function needed for the relation?
The next two results give a positive answer, which would yield R14.Add.2 and eventually
R14.Add.7 without using the uniformity as described in [12].

Lemma R9.Add.2 Let (X, 7) be a T3% space and let Z; and Z; be normal bases
with 21 C Z5. Let ¢ : w(Z2) — w(Z7) be defined for F € w(Z3) by letting ¢(F) be the
unique Zj-ultrafilter containing F N Z;. Let G € w(Z2) and let {z4} be a net in X such
that {F,?} converges to G. Then {F,'} converges to ¢(G).

Proof: Let O be open in w(Z;) with ¢(G) in O. By P3.6 there is Z € Z; such that
w(Z1)—0 C Z% and ¢(G) ¢ Z*“1, i.e., Z & ¢(G). Suppose G € Z“2 ie., Z € G. Then
Z € GN Z, which is contained in ¢(G) by definition, and so Z € ¢(G), a contradiction.
Thus G is not in the w(2Z;)-closed set Z“’2 By the given convergence there is aq such that
a > ag 1rnp11es Fl2 ¢ Z“’2, ie, Z ¢ F,2,ie, xq ¢ Z by the definition of a point-filter.
Then Z ¢ F,_, 1e F,l ¢ Z“’l, ie., .7: € w(Zl) Z“', which is contained in O. The
conclusion follows by the definition of convergence

The next result, the proof of which bears a clear similarity to the proof of R9.Add.1,
uses the lemma as a substitute for the hypothesis of continuity.

Proposition R9.Add.3 Let (X,7) be a T31 space and let Z; and Z; be normal
bases with Z1 C Z5. Let ¢ : w(22) — w(Z1) be defined for F € w(Z53) by letting ¢(F) be
the unique Zi-ultrafilter containing F N Z;. Then

i) ¢o Lz, = Uz,
ii) ¢ is continuous.

Proof: The embeddings map z € X to the respective point ultrafilters, i. e., F,2 in
w(Zy) and F,! in w(Z1). By R9.1.1ii F,2N Z; is the Z;-ultrafilter F,! and so by definition
o(F,2) = F,r. That equation expressed in terms of the embeddings is i). For part ii):
Because the set of all Z«! over all Z € Z; is a closed base for w(Z;), it is sufficient to show
that, for every Z € Z1, ¢71[Z%“1] is closed in w(Z5). Let Z € Z; and suppose G ¢ ¢~ [Z«1].
Then Z ¢ ¢(G) and so, by the definition of ¢, there is W € GNZ; with WNZ = (). By the
definition of a normal basis there are C', D in Z; such that CUD = X, Z C X — C, and
WCX—-D. WND =0 implies D ¢ G, i.e., G ¢ D¥2. To finish, it is sufficient to show
that ¢—1[Z“1] C D*2. Let H € ¢~ 1[Z“1] and suppose H ¢ D2, i.e., H is in the open set

w(22) — D¥2. Let {z4} be a net in X such that {f } converges to H. Then there is g
such that o > «aq implies F,2 ¢ D2 i.e., D ¢ F, , i.e. o ¢ D. By the previous lemma,
{F,1} converges to ¢(H). Since Z € o(H ) and ZﬂC 0, C ¢ ¢(H) and so ¢(H ) is in the
open set w(Zl) C“1. By convergence there is a; such that o > «; implies F,! ¢ C“1,
ie,C ¢ F, ,ie x4 ¢ C. By the directed set property there is v with v > ag and v > Q.
Then Ty € X x4 ¢ C,and x ¢ D. But that contradicts CUD = X.

R9.2.4 was proven in a limited context, i.e., a discrete space with a directed set of
normal bases generated by n-compatible equivalence relations. The next two results show
that R9.Add.3 makes possible a partial generalization of R9.2.4. Recall that Z in the next
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two results is a normal basis by R9.2.1.

Lemma R9.Add.4 Let (X,7) be a T3, space and let {Z, : v € I'} be a non-empty
set of normal bases for X, with {Z, : v € T'} a directed set under containment. Let
Z =U{Zy: v eTl}. Assume, F, € w(Z,) for every a € I'. Finally assume, for every
a,B €T, that Z, C Z3 implies F, C Fg. Then U{F, : a € I'} is a Z-ultrafilter.

Proof: Let F = U{F, : « € T'}. Since I" # (), by definition F is a non-empty collection
of non-empty Z-sets. Let Z, W be in F with Z € F, and W € F3. By hypothesis there
is v with Z, U Z3 C Z, so that F, UF3 C F,. Then ZNW € F, C F. Similarly, for
ZeFand W e Zwith Z CW, W € F. Thus F is a Z-filter. Now let G be a Z-filter
with F C G. Let « € . By R9.1.11 GN Z,, is a Z,-filter. Since F, C (FNZ,) C(GNZ,)
and F, is a Z,-ultrafilter, 7, = GN Z,. Since G =U{GNZ, : o € '}, G = F and the
conclusion holds.

Proposition R9.Add.5 Let (X,7) be a T31 space and let {Z, : v € I'} be a non-
empty set of normal bases for X, with {Z, : v € I'} a directed set under containment.
Let Z = U{Z, : v € I'}. Assume, for every o, € I' with Z, C Z3, G € w(Z3) implies
GNZ, €w(Zy). Then (w(Z),1z) acts as the supremum of {(w(Z,),tz,) : a« € '}

Proof: By R9.Add.3 (or R14.Add.2) (w(Z),tz) is an upper bound of {(w(Z,),tz,) :
a € T'}. Now let (Y, f) be an upper bound of {(w(Z,),tz,) : @« € T'}. For a € T let
¢a 1 Y — w(Z,) be the continuous map with ¢, o f = vz,. For o, € I with Z, C Z3,
let gga : w(Z5) — w(Z4) be the continuous map with gg, 0 tz, = 1z,. By R9.Add.3 and
the hypothesis, ggo(F) = FN 2, for F € w(Z3). Because the connecting maps are unique
980 © ¢ = ¢o. Now let y € Y. For o, 3 € I with Z, C Z3, these equations show that
00 (y) = dp(y) N 2, so that ¢a(y) C ¢s(y). By R9.Add.4 9 : Y — w(Z) can be defined by
P(y) = U{pa(y) : a € T'}. For x € X, ¢o(f(z)) is the Z,-point filter of z. It follows easily
that ¢ (f(z)) is the Z-point filter of z, i.e., 1» o f = 1z. Next it will be shown that 1 is
continuous. Let Z € Z. By P3.6 it is sufficient to verify ¢~1[Z%] is closed in Y. There is
a € T’ such that Z € Z,. It is claimed that ¢~ 1[Z%] = ¢ }[Z*], where the w, superscript
indicates the omega operation relative to Z,. Let y € ¢ 1[Z%], i.e., da(y) € Z¥=, i.e.,
Z € ¢a(y). By definition Z € v(y) so that y € ¥ ~1[Z%]. Conversely, let y € ~1[Z%],
i.e., Z € Y(y). By definition there is g € I with Z € ¢3(y). By the directed set property
there is v € I' such that Z, U Z3 C Z,. As above, ¢35(y) C ¢~(y) and ¢ (y) = ¢4(y) N Zq.
Because Z € ¢(y) and Z € Z,, Z € ¢a(y), i.e., y € ¢,,'[Z¥] and the claim is verified.
Since ¢,, is continuous and Z*= is closed in w(Z,), ¢ [Z*=], and so ¢p~1[Z%], is closed in
Y as required. Thus (Y, f) > (w(Z2),tz) and so (w(Z),tz) is the least upper bound, i.e.,
the conclusion holds.

R9.Add.3 could be simplified and R9.Add.5 improved if one could show that, with
Z1 C 25, FN Zy is a Zy-ultrafilter when F € w(Z23), i.e., not just prime as shown in
R9.1.4. A proof so far eludes me, as does a counterexample. The rest of this added
subsection provides partial results and examples related to this issue.

Lemma R9.Add.6 Let (X, 7) be a T3% space and let Z; and Z5 be normal bases with
21 C Zy. Assume (w(22),tz,) is equivalent to (w(Z1),tz,). Then for every F € w(Z2),
F N Zq is a Zp-ultrafilter.

Proof: Let ¢ be the map described in R9.Add.3. Because the connecting map for the
relation is unique, the hypothesis of equivalence implies that ¢ is a homeomorphism. Let
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F € w(Z5). Suppose A € Z1 C Z5 with ANZ # () for every Z € FN Z;. By R9.1.4
and R9.1.3 it is sufficient to show A € F. Deny that, i.e., suppose F ¢ A“2. Because
¢ is one-to-one, ¢(F) is not in the closed set ¢[A“?]. By P3.6 Z;* is a normal basis for
w(Z7). Thus by P1.1iii there is B € Z; such that ¢(F) € B“* and B“* N¢[A“2] = (). Note
that ¢[B“2] C B“! as follows: Let G € B*2, i.e., B € G. By R9.Add.3 GN 21 C ¢(G) so
that B € ¢(G), i.e., ¢(G) € B¥*. Thus ¢[B*2] N ¢[A¥2] = (). Because ¢ is one-to-one, this
says ¢[B¥2 N A¥2] = () so that B¥2 N A2 = (BN A)“?2 = (). Thus BN A = (). But this
contradicts that ¢(F) is a Z;-filter, since both A and B are in ¢(F).

Next an unexpected example (not the one desired) is given. It uses the example from
Alo and Shapiro [1; p. 53] referenced after R9.1.2. A detailed presentation of that example
follows, because the details are used afterward.

For the rest of this added subsection assume IR has the usual topology and let Z* be
the collection of closed sets Z with the property that, if 0 € Z, then either 0 is not a limit
point of Z or 0 is not in the boundary of Z.

The routine proof of the first lemma is left to the reader in [1].

Lemma R9.Add.7 Z* is a normal basis for R .

Proof: The four requirements in definition P3.1 will be verified. First, Z* is a base
for the closed sets: Let F' be closed with z ¢ F. If 1 =0, F' € Z*. If x # 0, thereis 6 > 0
with (z —d,2+J) CIR — Fand 0 ¢ {x — §,z + 6}. Then F C (—oo0,x — 6] U [z + 6§, 00),
which is in Z*. Next let Z1,Z> € Z* and assume 0 € Z; U Z5. If 0 is in the interior of
either Z; or Zs, it is in the interior of the union and so Z; U Z5 € Z*. Now assume 0 is not
in the interior of either. If 0 € Z; N Zs, it is not a limit point of either and so there is € > 0
such that Z; N (—e,€) = {0} for i = 1,2. Then (—e,e)N(Z1 UZ2) = {0}, i.e.,, Z1UZy € Z*.
If 0 is in Z; but not Zs, there is € > 0 such that Z; N (—¢,¢) = {0} and Z> N (—e,€) = 0.
Then (—e€,€) N (Z1 U Z2) = {0} so that Z; U Zy € Z*. The final case, 0 is in Zs but not
Z1, is similar. Thus Z* is closed under finite unions. Next suppose 0 € Z; N Zs. If 0 is in
the interior of both, it is in the interior of the intersection so that Z1 N Zy € Z*. If 0 is
not a limit point of Z;, there is G open with G N Z; = {0} so that (Z; N Z3) NG = {0}
and again Z1 N Zy € Z*. The remaining case, 0 is not a limit point of Z5, is similar. Thus
Z* is closed under finite intersections. To verify P3.1iii, for F' closed and = ¢ F, there
isd >0 with (x —d,z+6) CIR —Fand 0 ¢ {x — 6, +6}. Then [z — J,z + 0] € Z*
and [x — 0,2 + 8] N F = 0. Finally, let Z1,Z> € Z* with Z; N Zy = (). Because R is
normal, there are O1, O3 open with O1 N Oz = () and Z; C O; for i = 1,2. If 0 ¢ O1 U Oy,
there is € > 0 such that [—e,e] N Z; = 0 for i = 1,2. Let C = (R —01) U [—¢,€] and
D=(R —02)U[—¢€,¢]. Then C, D arein 2*,CUD =R, Z; CIR —C,and Zo CIR — D,
i.e., P3.1iv holds in this case. If 0 € Oy, there is € > 0 such that [—¢,¢] C O;. Now let
C=R —-0;and D = (R —0O3)U|[—¢,€¢]. Again, C,D arein Z*,CUD =R, Z; CR —C,
and Zs C IR — D. The case with 0 € O3 proceeds in the same way.

Lemma R9.Add.8 Let F* be the set of Z € Z* such that 0 is in the interior of Z.
Then F* is a prime Z*-filter but not a Z*-ultrafilter. Moreover, the unique Z*-ultrafilter
containing F* is the Z*-point filter of 0.

Proof: Clearly F* is a non-empty collection of non-empty Z*-sets and it has the
required superset property. For Fy, F> in F*, because the interior of an intersection is the
intersection of the interiors, F} N Fy € F*. Thus F* is a Z*-filter. Now let Z1, Z5 be in Z*
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with Z; U Zy € F*. By definition of F* there is € > 0 such that (—¢,¢) C Z; U Z5. One of
the two, say Z;, contains 0. If 0 is not in the boundary of Z;, 0 is in the interior of Z; so
that Z; € F*. If 0 is in the boundary of Z;, by definition of Z*, 0 is not a limit point of
Z7 so that there is 0 < § < e with (=6,6) N Z; = {0}. Then (—4§,0) U (0,d) C Z5. Since Z
is closed, 0 € Z5 as well so that Zs € F*. Thus F* is prime. By definition the Z*-point
filter of 0, Fg, is the set of all elements of Z* containing 0. F{J is a Z*-ultrafilter and
clearly F* C F5. {0} is in Fj but not F* and so F* is not a Z*-ultrafilter. Uniqueness
follows from R9.1.3.

Lemma R9.Add.9 Let Z be the collection of all closed subsets of IR.. Then Z is a
normal basis for R and (w(Z),tz) is equivalent to (w(Z*),1z+).

Proof: In any 7T, space the collection of all closed subsets is a normal basis. Let
U,U* be the separated totally bounded uniformities corresponding to the compactification
classes of (w(Z),tz) and (w(Z*),tz+) respectively. Since Z* C Z, by R14.Add.2 and
R1.5, U* CU. Now let U € U. By R14.1.3 there are Z1,...,Z, in Z with N, Z; =0
and U (R -Z;,) x (R —Z%;) CU. Let S ={i:0¢ Z;}. S is non-empty because the
intersection is empty. Let T' = {i : 0 € Z;}. Since U;esZ; is closed, there is € > 0 with
[—€,¢)] CIR —Ujes Z;. Let ZF = Z;if i € S and ZF = Z; U[—¢, €] if i € T. Clearly each
Z¥isin Z* and Zf N [—¢,¢] =0 for each 7 € S.

Miz1Z; = (NiesZi) N (Nier(Z; U [—¢, €]))
= (NiesZi) N ((NieT Zi) U [—¢,€]))
= (Ni21Zi) U ((NiesZi) N [—e,¢]) = 0.

By R14.13V = U" {(R —Z}) x (R —Z;%) is in Y*. Since R —Z C R —Z; for all i,
V CU and so U € U*. By R1.5, U* = U implies the conclusion.

Comment: (w(Z),:z) is in the class of the Stone-Cech compactification. That fact
does not play a role here.

The following corollary shows that the prime Z*-filter * cannot be obtained from a
Z-ultrafilter.

Corollary R9.Add.10 Let Z be the collection of all closed subsets of R . There is
no F in w(Z) such that F N Z* = F*.

Proof: This follows from R9.Add.9, R9.Add.6, and R9.Add.8.

Additional Reference

12. This website, R14: Uniformities and Normal Bases
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