Lattice and Semilattice Properties

Given a T5y space (X, 7), COM(X) denotes the set described in [6], which consists of

representatives of each T» compactification class of X. In R2.6 and R2.7 of [6], Lubben’s
results that COM (X)) is a complete upper semi-lattice and that, if X is also locally com-
pact, COM(X) is a complete lattice are presented. As in [5], 7B(X) denotes the set of
totally bounded uniformities for X which generate 7. The map ¥q of [5], which associates
U € TB(X) with an equivalence class of compactifications, can easily be converted into an
order isomorphism as follows.

Definition R8.1 ¥ : 75(X) — COM(X) is defined by letting ¥(U{) be the element
of COM(X) which represents the equivalence class Wo(U).

Proposition R8.2 7B(X) and COM(X) are order isomorphic, with ¥ as an order
isomorphism.

Proof: By R1.5 [5], for U1, Us in TB(X), U; 2 Us if and only if U (U, ) > V(Us). Thus
¥ is one-to-one and order preserving. By R1.4 ¥ is onto.

Note that, by using R7.2.18 of [8] in a similar way, one could establish an order
isomorphism between COM (X)) and the set of C(U) for U in 7B(X), where C(U) is the
set of all real-valued, uniformly continuous maps from (X,U).

In the following example COM(X) is a complete lattice by R2.7, but 7B(X) (and
so also COM(X) by R&.2) is not even finitely distributive. Because in a lattice, either
ditributive law implies the other, the example only needs to verify that one fails.

Example R8.3 Let (IN,7) be the positive intergers with the discrete topology, let
E4 be equivalence mod 4, and let [z]4 denote the equivalence class of  mod 4. Let Ej3
be the equivalence relation generated by the partition {[1]4 U [4]4, [2]4 U [3]4}, let E3 be
the equivalence relation generated by {[1]4 U [2]4,[3]4 U [4]4}, and let E; be equivalence
mod 2. Let V; = U,, V Ug,, where U,,, and Ug, are the uniformities defined in subsection
2 of [7]. By R5.2.3, V; is in TB(IN) for i = 1,...,4. For i = 1,2,3 clearly E4s C FE; and
soV; € V4. Also Es N E3 = E4 so that B4 € VoV V3. As a result Vo V V3 = V4 and
ViA(V2VV3) =V1 # Uy The next claim is that Vi A Vo = Vi A V3 = Uy, which would
show that A is not distributive over V. Clearly U,, € V1 A Vs. For the converse let V' be in
Vi AV, and pick W € Vi AV, with W = W=t and WoW C V. There is U € U,,, such that
UNEy CW and UNEy; C W, and there is S C IN such that IN—.S is finite and S x .S C U.
Since V' contains the diagonal, S x S C V would imply V' € U,,. Let (z,y) € S x S. If
(x,y) € Eq or (x,y) € Es, then (x,y) € W C V. In the remaining case, pick t € S such
that (z,t) € Eq1 but (z,t) ¢ E4. Then (z,t) e UNE; C W and (t,y) € UN Ey C W and
so (z,y) € WoW C V. Similarly, V1 A V3 = U,y,.

Chandler [1] presents a number of results focusing on this question: When is COM(X)
a complete lattice or a lattice 7 The next two lemmas lead to a sharpened version of R2.7.
For both lemmas the following will be assumed: (Y, f) will denote a T» compactification
of X with y1 # y2 in Y — f[X]. Let U € TB(X) with ¥o(U) = [(Y, f)], and, making use
of R7.1.1,let C = {g € CUU) : G(y1) = G(y2) where G is the unique continuous extension
of g to Y'}. Finally let U denote U(C), which by R7.2.7 and [4] is the smallest uniformity
for X making every element of C uniformly continuous.



Lemma R8.4 Uy, € TB(X).

Proof: By R7.2.10 it is sufficient to show that C separates points and closed sets of
X in the sense of [8]. Let F be closed in X and let x € X — F. Since f is an embedding,
f(z) ¢ ey (f[F]). Let S = ey (f[F])U{y1,y2}, and pick W € W, the unique uniformity for
Y, such that W([f(z)] CY — S. There is a pseudo-metric d for Y such that W € Uy C W.
Then G(y) = inf{d(y,t) : t € S} is uniformly continuous by R7.2.14 and G|[S] = {0}
so that ¢ = G o f is in C and g[F] C {0}. Since W([f(x)] is a d-neighborhood of f(z),
g(x) = G(f(x)) # 0 and so {g(x)} Ng[F] =0, i.e., C separates points and closed sets of X.

Lemma R8.5 Uf; is a proper subset of U.

Proof: Since every element of C is uniformly continuous from (X,U), the smallest
such uniformity, U, is clearly contained in U. Let VW be the unique uniformity for Y, let
W1 € W with Wi [y ]JNnWi[ya] = 0, and pick W € W with W = W1 and WoW oW C Wj.
Let (f x f)"1[WnN f[X]x f[X]] = U*. Clearly U* € Y and it is sufficient to show U* ¢ U.
Deny the latter. Then there exist g1,...,¢9, in C and € > 0 such that
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Let {a;} and {b,} be nets in X such that f(a;) — y1 and f(b.) — y2. With G; denoting
the continuous extension of g; to Y, we have g;(a:) = G;(f(at)) — Gi(y1) = Gi(y2) and
also g;(br) = G;(f(br)) — G;(y2). Using the definition of net convergence and the fact that
Wy;] is a neighborhood of y;, we can find ¢ and r such that f(a;) € W], f(br) € W]ya],
and |g;(a;) — gi(by)| < € for all i. Then (as,b,) € U* and so (f(a¢), f(br)) € W. But then
(y1,y2) € WoW oW C Wy, a contradiction.

Theorem R8.6 [Lubben] COM(X) is a complete lattice if and only if X is locally
compact.

Proof: The ‘if” half of this result is R2.7. For the converse, it is sufficient to show that
COM(X) does not have a smallest element if X is not locally compact. What follows is
a uniformity-oriented modification of Chandler’s argument for Theorem 2.19 in [1]. Let
(Y, f) be a Ty compactification of X and let Y € TB(X) with Vo) = [(Y, f)]. Since
X is not locally compact, f[X] is not open in Y and so there exist distinct points y1, y2
in Y — f[X]. Let U; be defined as in the preceding lemmas. By R8.5 and R1.5 W(lf;) is
strictly smaller than W (i), the element of COM (X)) representing (Y, f).

The next two results provide a condition under which a non-empty family in COM (X)
has an infimum. To do this, it is enough to focus on the isomorphic upper semi-lattice
TB(X). Recall that any non-empty family of uniformities has an infimum, whose topology
may be strictly smaller than the infimum (i.e., intersection) of the corresponding family of
topologies generated by the uniformities.

Lemma R8.7 Let {U, : « € A} be a non-empty family in 7B(X).

Let U = N{Uy : « € A}. Then U is a totally bounded uniformity for X with 7(U) C 7
and C(U) C N{C(U,) : v € A}.

Proof: This is clear from general facts about uniformities.

If one transfers the next result to COM (X)) via the order isomorphim W, it provides
a condition for the existence of an infimum of a family. This condition is a uniformity-
oriented version of Chandler’s Theorem 2.18 in [1].
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Proposition R8.8 Let {U/, : € A} be a non-empty family in 75(X).

Let U = NM{U,, : « € A}. Then U € TB(X) if and only if N{C(U,) : a« € A} separates
points and closed sets.

Proof: First, let C = N{C(U,,) : o € A} separate points and closed sets. By R7.2.10
UC) € TB(X) and, since C C C(U,), by R7.2.16 U(C) C U, for all a. Thus 7B(X)
contains a lower bound for {U, : « € A} and so U € TB(X). For the converse, the
hypothesis implies by R7.2.15 that C(U) separates points and closed sets, and clearly a
larger family such as C does also.

The next result shows that, if X is the rationals with the usual topology, then
COM(X) is not a lattice.

Theorem R8.9 [Shirota 2| If X is first countable and not locally compact, then
COM(X) is not a lattice.

Proof: See Chandler [1], Theorem 5.12.

Finally, COM(X) can have any infinite cardinality. Chandler [1] uses ideas from the
proof of the following theorem to construct an example of a non-locally compact X for
which COM(X) is a lattice.

Theorem R8.10 [Visliseni and Flaksmaier 3] Let N be an infinite cardinal. Then
there is a T31 space (X, 7) such that [COM(X)| =R.

Proof: See Chandler [1], Theorem 5.4.
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The following proposition is implicit in the proof of R8.6 given above.
Proposition R8.Add.1 Let (X,7) be a T3% space, which is not locally compact.
Then the complete upper semi-lattice COM /(X ) does not contain any minimal elements.
Proof: The argument for R8.6 shows that, given a T, compactification of (X, 7), there
is another which is a strictly smaller.



Corollary R8.Add.2 Let (X, 7) be a T3, space, which is not locally compact. Then
the complete upper semi-lattice 75(X) does not contain any minimal elements.

Proof: This is immediate from R8.2 and the preceding proposition.

For example R8.Add.6 below, the fact that every uniformity contains a totally bounded
uniformity generating the same topology is needed. Since that may not be widely known,
an indication of its proof is provided in the next three items. The proof is adapted from the
proximity approach to uniform ideas. An overview of proximity spaces and a bibliography
of original sources are included in Nachman [10].

Definition R8.Add.3 Let (X,U) be a uniform space. A proximal cover of X is a
finite collection {A1,...,A,} of subsets of X for which there exist sets Bi,..., B, and
U € U such that X = U} ;B; and U[B;] C A, for 1 <i < n.

Clearly, a proximal cover is a cover.

Lemma R8.Add.4 Let (X,U) be a uniform space and let {A;, A2} be a proximal
cover of X. Then there is a proximal cover { D1, D2, D3} such that, with S = U?_, D; x D;,
SOSQ (Al XAl)U(AQ XAQ).

Sketch of proof: Select By, Bo,U = U~ for the proximal cover {41, As}. It follows
easily that U[X — A;] € X — By C Ay. Pick V.= V=1 in U with V¢ C U. (Here the
exponent indicates repeated composition, i.e., V2 =V oV etc.) Let D; = V3[X — A1),
D2 = V6[X—A1]—V[X—A1], and D3 = X—V4[X—A1]. Note that D1 g AQ, D2 g AlﬂAQ,
D3 g Al, and D1 N D3 = @ Let 01 = VQ[X — Al], 02 = VS[X — Al] — VQ[X — Al],
and C3 = X — V°[X — Ay]. Then X = U3_,C; and V[C;] C D; for i € {1,2,3} and
so {D1, Dy, D3} is a proximal cover of X. With this choice of Dy, Dy, D3 the conclusion
holds.

Lemma R8.Add.5 Let (X,U) be a uniform space and let V be defined as the set
{V € X x X : there is a proximal cover {A;,..., A, } with U ;A; x A; CV}. Then

i) V is a uniformity for X.
ii) V is totally bounded.
i) V C U.
iv) 7(U) = 7(V).
Sketch of proof: For i): The diagonal, superset, and symmetry requirements (P2.1i,ii,

and iv) are clear. Given proximal covers {A1,...,A,} and {Bi,..., By}, they determine
another proximal cover {A; N B; : 1 < i < n,1 < j < m}. The finite intersection
requirement (P2.1iii) follows easily. For a proximal cover {41,...,A,}and I C {1,...,n},

let A; = U{A; :i € I} and By = U{A; : i ¢ I}. Then {A;, Br} is a proximal cover.
Let V(I) = (Ar x A7) U (Br x By). It is easy to check that U ;A; x A; equals the
finite intersection N{V'(I) : I C {1,...,n}}. The triangle inequality (P2.1v) follows by
applying R8.Add.4. For ii), let a proximal cover {A4y,...,A,} be given and pick z; € A;.
Let V = U, A; x A;. Then Ul ,V[z;] = Ul ;A; = X. For iii) let a proximal cover
{A1,...,An} be given and let S = U ;A; x A;. Let {B1,...,B,} and U € U be such
that UM B; = X and U[B;] C A; for 1 <i<n. Pick V=V~!linlU with VoV CU.
Let (z,y) € V. For k with x € By, {z,y} C Viz] C V[V[By]] C U[Bk] € Ai. Thus
V C S. For iv) note that iii) implies 7(V) C 7(U). Let z € O € 7(U). Pick U,V e U
with Ulz] € O, VoV C U, and V = V71 Let Ay = O and Ay = V[X — V[z]].
The sets By = Viz|,Bs = X — V|[z| show that {A;, A2} is a proximal cover and so
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W = (A1 x A1) U (A x Ag) is in V. Then x ¢ Ay so that W(z] = O. Thus O € 7(V).

Example R8.Add.6 Let R be the real numbers with the usual topology and let
U, be the uniformity for IR corresponding to the class of the one-point compactification.
Let Q be the set of rational numbers with the relative topology from IR and let U be the
subspace uniformity from U,,. Then U is a separated, totally bounded uniformity for Q
and so by R8.Add.2 there is V, also a separated, totally bounded uniformity for Q , such
that V is a proper subset of &. Note that there is no uniformity W for IR such that the
subspace uniformity on Q from W is V: Otherwise, by R8.Add.5 one could pick a totally
bounded W; C W. Since U,,, € W1, U is contained in the subspace uniformity on Q from
W. But V is a proper subset of U.

Comment: The construction in the previous example could be continued inductively
to produce a decreasing sequence of separated totally bounded uniformities for Q with
the relative topology from IR . None of the uniformities in the sequence is the subspace
uniformity of some uniformity for R . Each determines a 75 compactification and so a
uniform completion of Q . It is not clear how interesting these might be.
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