
Uniformities and Normal Bases

Uniformity Generated by a Normal Basis

Definition R14.1.1 Let (X, τ ) be a T3 1

2

space and Z a normal basis for (X, τ ).

B(Z) = {∪i∈∆(X − Zi) × (X − Zi) : ∆ is finite, Zi is in Z, and ∩i∈∆Zi = ∅}.

Definition R14.1.2 Let (X, τ ) be a T3 1

2

space and Z a normal basis for (X, τ ).

U(B(Z)) = {U ⊆ X × X : B ⊆ U for some B ∈ B(Z)}.

From [3] recall the map Ψ0, which associates a totally bounded uniformity with the
compactification class it generates. The next proposition shows that U(B(Z)) is a unifor-
mity and also that Ψ0(U(B(Z))) = [(ω(Z), ιZ ]. In other words, given a normal basis Z,
U(B(Z)) is the uniformity generating an equivalent compactification.

Proposition R14.1.3 Let (X, τ ) be a T3 1

2

space and Z a normal basis for (X, τ ).

Let U ∈ T B((X, τ )) such that Ψ0(U) = [(ω(Z), ιZ )]. Then U(B(Z)) = U .

Proof: By R1.6a, the hypotheses imply that ιZ is a uniform embedding from (X,U)
into ω(Z). Let U ∈ U . There is an entourage V in the unique uniformity for ω(Z) such that
(ιZ × ιZ)[U ] = (ιZ [X]× ιZ [X]) ∩ V . Since {Zω : Z ∈ Z} is a closed base for the compact
ω(Z) and V is a neighborhood of the diagonal, there exist Z1, . . . , Zn in Z such that
{ω(Z)−Zω

i : i = 1, . . . , n} is a cover of ω(Z) and ∪n
i=1(ω(Z)−Zω

i )× (ω(Z)−Zω
i ) ⊆ V . It

follows that ∩n
i=1Z

ω
i = ∅ and so ∩n

i=1Zi = ∅. It is easy to check that ∪n
i=1(X−Zi)×(X−Zi),

an element of B(Z), is contained in U , i.e., U ∈ U(B(Z)).

Conversely, let B ∈ B(Z), say B = ∪i∈∆(X−Zi)×(X −Zi), where ∆ is finite, Zi is in
Z, and ∩i∈∆Zi = ∅. Then it follows that ∩i∈∆Zω

i = ∅ so that {ω(Z) − Zω
i : i = 1, . . . , n}

is a cover of ω(Z). Thus W = ∪i∈∆(ω(Z)−Zω
i )× (ω(Z)−Zω

i ) is in the unique uniformity
for ω(Z). It is easy to check that (ιZ × ιZ)−1[W ] ⊆ B and so U(B(Z)) is contained in U .

As an application we return to the example with X0 = [0, 1], τ0 discrete, and U0 =
Um∨V where Um is the smallest element of T B((X0, τ0)), as in [3] the set of totally bounded
uniformities generating τ0, and V is the usual uniformity generated by the absolute value
metric on X0. Throughout this section X0, τ0 and U0 will always represent the structures
just described.

In [5] it is shown that every zero-dimensional compactification of a discrete space can
be generated by a normal basis and that the compactification associated with U0 is not zero-
dimensional. The question of interest, which is still unanswered: Is the compactification
associated with U0 generated by a normal basis ? A negative answer would settle the Frink
question. (See subsection R9.3.) A positive answer might suggest a more general approach
to it.

The next definition and lemma establish a notation and a convenient fact.

Definition R14.1.4 Let S be a co-finite subset of a set X. US is the set
S × S ∪ {(x, x) : x ∈ X − S}.

Lemma R14.1.5 Let (X,U) be a uniform space and B a base for U . Let Um be the
smallest totally bounded uniformity for X with the discrete topology. Then {US ∩ B : S
is co-finite in X and B ∈ B} is a base for Um ∨ U .

Proof: Given W ∈ Um, there exists S, a co-finite subset of X, such that S × S ⊆ W .
It follows that US , which is in Um, is a subset of W . Thus sets of the form US are basic in
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Um. Since B is a base for U , the conclusion follows from the definition of the supremum of
two uniformities.

Proposition R14.1.6 Assume that Z is a normal basis for (X0, τ0) and that
Ψ0(U0) = [(ω(Z), ιZ)]. Then

i) Given ε > 0 and S co-finite in X0, there is B ∈ B(Z) such that B ⊆ Vε ∩ US .
ii) Given B ∈ B(Z), there is γ > 0 and T co-finite in X0 such that Vγ ∩ UT ⊆ B.

Proof: By R14.1.3 U0 = U(B(Z)). Since entourages of the form Vε ∩ US are basic in
U0 by R14.1.5, both assertions follow immediately.

Generating a Normal Basis from a Uniformity

It is natural to ask whether, given a totally bounded separated uniformity U for X,
there is a normal basis Z for X such that Ψ0(U) = [(ω(Z), ιZ )]. Of course, this is just the
Frink question in different langauge.

The approach examined here is motivated by P3.14, the fact that the zero-sets of a T3 1

2

space form a normal basis which generates the Stone-Čech compactification. Since every
continuous map into [0, 1] extends to the Stone-Čech compactification, by R7.1.1 every
continuous map is uniformly continuous, if on the domain one uses the totally bounded
separated uniformity corresponding to the Stone-Čech compactification. In this case, the
set of zero-sets is identical to the set of uniform zero-sets as defined below.

Given a separated uniformity U on set X, we first ask: is the collection of uniform
zero-sets of (X,U) always a normal basis for X? That question is only partially answered
because of a negative answer to a second question: if U is separated and totally bounded
and the uniform-zero sets of (X,U) do form a normal basis, is the compactification gen-
erated by the normal basis necessarily equivalent to the compactification generated by
U?

Definition R14.2.1 Let U be a uniformity for X, and let [0, 1] have the uniformity
from the absolute value metric. A set A ⊆ X is a uniform zero-set of (X,U) provided there
exists f : (X,U) → [0, 1] uniformly continuous such that A = f−1 [{0}].

Definition R14.2.2 Let U be a uniformity for X. Z(U) = {A ⊆ X : A is a uniform
zero-set of (X,U)}.

The next lemma records that Z(U) must always satisfy the first three requirements
for a normal basis.

Lemma R14.2.3 Let U be a uniformity for X. Then
i) Z(U) is a closed base for (X, τ (U).
ii) Z(U) is closed under finite unions and intersections.
iii) If F is τ (U)-closed and x /∈ F , then there exists A ∈ Z(U) such that x ∈ A
and A ∩ F = ∅.

Proof: Recall the following facts, which assume the usual absolute value uniformity on
lR, the real numbers: Addition is a uniformly continuous operation on lR, multplication
is uniformly continuous on compact subsets of lR , and, if f is a uniformly continuous
map into lR , then f ∧ 1 is also uniformly continuous. The elements of Z(U) are clearly
closed in (X, τ (U)). Let F be closed in (X, τ (U)) with x ∈ X − F . There is U ∈ U such
that U [x] ⊆ X − F . By R7.2.13, there is a pseudo-metric d on X such that U ∈ Ud,
the uniformity generated by d, and Ud ⊆ U . Using R7.2.14, we have f(t) = d(t, F ) ∧ 1
is uniformly continuous from (X,U) into [0, 1]. Thus f−1[{0}] is in Z(U). It is easy to
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check that F ⊆ f−1 [{0}] and x /∈ f−1[{0}] so that i) holds. For the same F, x, U and
d, g(t) = d(t, x) ∧ 1 is uniformly continuous from (X,U) into [0, 1], x ∈ g−1[{0}], and
F ∩ g−1[{0}] = ∅. Thus iii) holds. Finally let A = f−1[{0}] and B = g−1[{0}], where
f and g are uniformly continuous from (X,U) into [0, 1]. By the facts on operations
f · g and h = 1

2
(f + g) are also uniformly continuous. Since A ∪ B = (f · g)−1[{0}] and

A ∩ B = h−1[{0}], property ii) holds.

Proposition R14.2.4 Let d be a metric for X and let Ud be the uniformity generated
by d. Then

i) Z(Ud) is a normal basis for (X, τ (Ud).
ii) ω(Z(Ud)) is equivalent to the Stone-Čech compactification of (X, τ (Ud).

Proof: Let F be closed in (X, τ (Ud). By R7.2.14 f(x) = d(x, F ) ∧ 1 is uniformly
continuous from (X,Ud) into [0, 1]. Since F = f−1[{0}], every closed set is in Z(Ud). The
fourth requirement for a normal basis follows easily from topological normality, and so i)
holds. This also shows that Z(Ud) is the set of ordinary zero-sets, a normal basis which
generates the Stone-Čech compactification, and so ii) holds.

Example R14.2.5 Let X = (0, 1] and let d be the absolute value metric. Ud is totally
bounded and Ψ0(Ud) is the equivalence class of the one-point compactification, which is
not equivalent to the Stone-Čech compactification, i.e., the compactification associated
with Ud is not equivalent to ω(Z(Ud)).

The idea of uniform zero-sets is very similar to (and perhaps equivalent to) an idea
briefly discussed by Chandler [1; p. 97]. He uses an example not unlike R14.2.5 to show
that it does not answer the Frink question.

More about the Example

This subsection is essentially an addendum to [5], with emphsis on the example X0

etc. as described above.

The following results use two normal bases, Z1 and Z2, simultaneously, and so some
notational complications are needed. For x in the underlying space, x̂1 and x̂2 will denote
the point filters of x in ω(Z1) and ω(Z2) respectively. For A ∈ Z1, the associated basic
closed set is Aω1 = {F ∈ ω(Z1) : A ∈ F}. For B ∈ Z2 the analogous set will be denoted
Bω2 .

Lemma R14.3.1 Let (X, τ ) be a T3 1

2

space. Suppose Z1 and Z2 are normal bases

for (X, τ ) with Z1 ⊆ Z2. Assume A ∈ Z1 and X − A ∈ Z2. If G ∩ Z1 ∈ ω(Z1) for every
G ∈ ω(Z2), then Aω1 is clopen in ω(Z1).

Proof: First, note that, being members of the closed basis for ω(Z2), Aω2 and
(X − A)ω2 are both closed in ω(Z2). In addition, Aω2 ∪ (X − A)ω2 = ω(Z2) by P3.3 and
Aω2 ∩ (X − A)ω2 = ∅ by the definition of a Z2-filter. Thus Aω2 = ω(Z2) − (X − A)ω2

and so Aω2 is clopen in ω(Z2). Next, as in the proof of R9.1.1, φ(G) = G ∩ Z defines
the continuous surjection from ω(Z2) to ω(Z1) such that φ(x̂2) = x̂1 for every x. Clearly
ω(Z1) = φ[Aω2 ] ∪ φ[(X − A)ω2 ]. Now suppose φ[Aω2 ] ∩ φ[(X − A)ω2 ] is non-empty, and
let H be in the intersection, i.e., H = φ(F) = φ(G) where A ∈ F and X − A ∈ G. Then
H = F ∩Z1 = G ∩Z1 so that A is also in G, which contradicts the definition of a Z2-filter.
Thus the intersection is empty and so φ[Aω2 ] is clopen in ω(Z1). To finish, we verify
φ[Aω2 ] = Aω1 . If H = G ∩ Z1 for some G in ω(Z2) with A ∈ G, then clearly A ∈ H, i.e.,
H ∈ Aω1 . Conversely, given H ∈ Aω1 , since φ is onto, there is G in ω(Z2) with H = G∩Z1.
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Clearly A ∈ G, i.e., G ∈ Aω2 .

Lemma R14.3.2 Let (X, τ ) be a T3 1

2

space. Suppose Z1 and Z2 are normal bases

for (X, τ ) with Z1 ⊆ Z2. Assume ω(Z1) ≤ ω(Z2). Let φ : ω(Z2) → ω(Z1) be the unique
continuous surjection with φ(x̂2) = x̂1 for all x ∈ X. Then, for G ∈ ω(Z2), φ(G) is the
unique Z1-ultrafilter containing G∩Z1, i.e., φ(G) = {B ∈ Z1 : B∩A 6= ∅ for all A ∈ G∩Z1}.

Proof: By R9.1.3 and R9.1.4 the conclusion follows if G∩Z1 ⊆ φ(G) for all G ∈ ω(Z2).
Let G ∈ ω(Z2) and suppose Z ∈ G ∩ Z1 but Z /∈ φ(G). By P3.3 there is A ∈ φ(G) such
that A ∩ Z = ∅. By P3.1iv there are C,D ∈ Z1 with C ∪ D = X, A ⊆ X − C , and
Z ⊆ X − D. Note that C /∈ φ(G) since A ∩ C = ∅ and D /∈ G since D ∩ Z = ∅. Next use
density to find a net {xα} in X such that x̂2

α → G. By continuity x̂1
α → φ(G). Since φ(G)

is in the ω(Z1)-open set ω(Z1) − Cω1 , there is an α1 such that α ≥ α1 implies x̂1
α /∈ Cω1,

i.e., xα /∈ C . Since G is in the ω(Z2)-open set ω(Z2) − Dω2 , there is an α2 such that
α ≥ α2 implies x̂2

α /∈ Dω2 , i.e., xα /∈ D. For any α greater than or equal both α1 and α2,
xα /∈ C ∪ D = X, a contradiction.

The next proposition uses the notation E(A), which was introduced in [6] and denotes
A × A ∪ (X −A) × (X −A) for A contained in X.

Proposition R14.3.3 Let A ⊆ X0. Then E(A) ∈ U0 if and only if A is either finite
or co-finite.

Proof: If A is finite or co-finite, then E(A) ∈ Um and the desired conclusion follows
from the definition of U0. Now assume E(A) ∈ U0. Since {Vε : ε > 0} is a base for V ,
by R14.1.5 there is ε > 0 and S, a co-finite subset of X0, with US ∩ V ε ⊆ E(A) and so
(US ∩ Vε)

n ⊆ E(A)n = E(A) for any integer n. By R9.3.6 (US ∩ Vε)
n = US ∩ Vnε. Pick n

so that nε > 1. Then Vnε = X0 × X0 and so US ⊆ E(A). It follows easily that S ⊆ A or
S ⊆ X0 −A.

The last proposition provides an example not included in [6]. In notation defined in
[6], it implies that U(R(U0)) = Um. Thus U(R(U0)) ∈ T B((X0, τ0)) but U(R(U0)) is a
proper subset of U0.

Proposition R14.3.4 Assume Z1 is a normal basis for (X0, τ0) such that Ψ0(U0) =
[(ω(Z1), ιZ1

)] and let A ∈ Z1. Suppose Z2 is also a normal basis for (X0, τ0) with Z1 ⊆ Z2

and X − A ∈ Z2. If G ∩ Z1 ∈ ω(Z1) for every G ∈ ω(Z2), then E(A) ∈ U0.

Proof: By R14.3.1, Aω1 is a clopen subset of ω(Z1). As a result,
V = Aω1 ×Aω1 ∪((ω(Z1)−Aω1 )× (ω(Z1)−Aω1 )) is an open neighborhood of the diagonal
for ω(Z1) and so V is in the unique uniformity for ω(Z1). By R1.6a the embedding ιZ1

is
uniformly continuous from (X0,U0) so that (ιZ1

× ιZ1
)−1[V ] ∈ U0. It is routine to check

that (ιZ1
× ιZ1

)−1[V ] = E(A).

Proposition R14.3.5: Suppose Z is a normal basis for (X0, τ0) such that Ψ0(U0) =
[(ω(Z), ιZ )]. Let A ⊆ X0. If both A and X0 −A are in Z, then A must be either finite or
co-finite.

Proof: Apply R14.3.4 with Z1 = Z2 = Z to conclude that E(A) ∈ U0. The conclusion
is immediate from R14.3.3.

Proposition R14.3.6: Suppose Z1 is a normal basis for (X0, τ0) such that Ψ0(U0) =
[(ω(Z1), ιZ1

)]. Assume Z2 is also a normal basis for (X0, τ0) with Z1 ⊆ Z2. Then either
G ∩ Z1 /∈ ω(Z1) for some G ∈ ω(Z2) or Z ∈ Z1 and X0 − Z ∈ Z2 imply Z is either finite
or co-finite.
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Proof: Assume G ∩ Z1 ∈ ω(Z1) for all G ∈ ω(Z2) and let Z ∈ Z1 with X0 − Z ∈ Z2.
By R14.3.4 E(A) ∈ U0 and by R14.3.3 Z is either finite or co-finite.

Discussion Assume Z1 is a normal basis for (X0, τ0) with Ψ0(U0) = [(ω(Z1), ιZ1
)].

Since Um is strictly smaller than U0, by R1.5 the compactification associated with Um (the
one point compactification) is not equivalent to ω(Z1). Because the normal basis of finite
and co-finite sets generates the one point compactification of (X0, τ0), Z1 must contain a
set which is neither finite nor co-finite.

Now let Z2 be the set of all zero-sets of X0. Since (X0, τ0) is discrete, Z2 is the power
set of X0 and Z2-ultrafilters are simply ordinary ultrafilters. By R14.3.6 there would have
to be an ultrafilter G such that G ∩ Z1 is a prime Z1-filter but not a Z1-ultrafilter. (This
would be an example not provided in the first subsection of [5].) Moreover, the argument
of R14.3.4 shows that, if A in Z1 is neither finite nor co-finite, then Aω1 is not clopen in
ω(Z1). Finally, by P3.14 ω(Z2) is the Stone-Čech compactification, and so ω(Z1) ≤ ω(Z2).
Since the conclusion of R14.3.1 would not hold for A ∈ Z1 neither finite nor co-finite, the
hypothesis ‘G ∩ Z1 ∈ ω(Z1) for every G ∈ ω(Z2)’ in R14.3.1 could not be weakened to
‘ω(Z1) ≤ ω(Z2).’ R14.3.2 would apply, but the argument of R14.3.1 would fail because,
given A ∈ Z1 and φ as in R14.3.1, the conclusion of R14.3.2 is not enough to show that
φ[Aω2 ] ∩ φ[(X − A)ω2 ] = ∅.

Albert J. Klein 2006
http://www.susanjkleinart.com/compactification/
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Added 2023

Some results in [5] can be strengthened and extended by using R14.1.3 and the gen-
eralized notions of related compactifications and suprema in [9].

Proposition R14.Add.1 Let τ1, τ2 be T3 1

2

topologies for a set X. Let Z1 and Z2 be

normal bases for (X, τ1) and (X, τ2) respectively. Assume Z1 ⊆ Z2.
Then (ω(Z1), ιZ1

) ≤ (ω(Z2), ιZ2
).

Proof: Let U1,U2 be the separated totally bounded uniformities with Ui corresponding
to the compactification class of (ω(Zi), ιZi

). By R14.1.3 Z1 ⊆ Z2 implies U1 ⊆ U2. The
conclusion now follows from R13.1.2.

The following improves R9.1.1iii
Corollary R14.Add.2 Let (X, τ ) be a T3 1

2

space and let Z1 and Z2 be normal bases

with Z1 ⊆ Z2. Then (ω(Z1), ιZ1
) ≤ (ω(Z2), ιZ2

).
Proof: This specializes R14.Add.1 with τ = τ1 = τ2.
Lemma R14.Add.3 Let {τδ : δ ∈ ∆} be a non-empty collection of T3 1

2

topologies

for a set X. For each δ assume that Zδ is a normal basis for (X, τδ) and that {Zδ : δ ∈ ∆}
is a directed set relative to containment. Let Z = ∪{Zδ : δ ∈ ∆}. Then

i) {τδ : δ ∈ ∆} is a directed set relative to containment.
ii) Z is a normal basis for (X,∨{τδ : δ ∈ ∆}).

Proof: Because each normal basis is a closed base for the associated topology, Zα ⊆ Zβ

implies τα ⊆ τβ . As a result the assumed directed set property is inherited by the set of
topologies, i.e., i) holds. For ii) note first that the directed set assumption implies that
any finite subset of Z is also contained in Zδ for some δ. Thus P3.1ii and P3.1iv hold
for Z because they hold for each Zδ. Each Z ∈ Z is closed relative to ∨{τδ : δ ∈ ∆}
because each Z must be in some Zα and so closed relative to τα, which is contained in
the supremum. Now let E be closed in the supremum with x /∈ E. Then there exist
O1, . . . , On in ∪{τδ : δ ∈ ∆} such that x ∈ ∩n

i=1Oi ⊆ X −E. By the directed set property
there is γ such that Oi ∈ τγ for i = 1, . . . , n. Since Zγ is a closed base for τγ , there is
Z ∈ Zγ ⊆ Z such that x /∈ Z and E ⊆ X − (∩n

i=1Oi) ⊆ Z. Thus Z is a closed base for
the supremum, i.e., P3.1i holds. Note for the same x,E,O1, . . . , On and γ, since Zγ is a
normal basis for τγ, there is W ∈ Zγ ⊆ Z such x ∈ W and W ∩ (X − ∩n

i=1Oi) = ∅ The
last implies W ∩ E = ∅ so that P3.1.iii holds for Z. Conclusion ii) follows from P3.1, the
definition of a normal basis.

Comment: Part i) of the previous lemma also follows from R14.Add.1 and R13.1.5i.
Lemma R14.Add.4 Let X be a set and let {Uδ : δ ∈ ∆} be a non-empty collection

of uniformities for X which is a directed set relative to containment.
Then ∨{Uδ : δ ∈ ∆} = ∪{Uδ : δ ∈ ∆}.

Proof: For every α ∈ ∆, Uα ⊆ ∨{Uδ : δ ∈ ∆} and so the union is contained in the
supremum. Now let U ∈ ∨{Uδ : δ ∈ ∆}. Since finite intersections from the union are
a base for the supremum, there are U1, . . . , Uj in the union with ∩j

i=1Ui ⊆ U . By the
directed set assumption there is α ∈ ∆ with Ui ∈ Uα for i = 1, . . . , j. Because uniformities
are closed under finite intersections and supersets, U is in Uα and so in the union.

The next example, which is a bit of a digression, shows that a parallel version of
R14.Add.4 for a directed set of topologies does not hold in general. In the example the
directed set is a chain in which each topology is neither T2 nor completely regular.
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Example R14.Add.5 For each n ∈ lN let τn be the collection containing lN and
all subsets of {1, 2, . . . , n}. Clearly each τn is a topology for lN and τn ⊆ τn+1. Here
∨{τn : n ∈ lN } is discrete because every singleton is open. But ∪{τn : n ∈ lN } is not a
topology because it is not closed under arbitrary unions: lN is the only infinite subset in
the union.

Proposition R14.Add.6 Let {τδ : δ ∈ ∆} be a non-empty collection of T3 1

2

topolo-

gies for a set X. For each δ assume that Zδ is a normal basis for (X, τδ) and that
{Zδ : δ ∈ ∆} is a directed set relative to containment. Let Z = ∪{Zδ : δ ∈ ∆}. Then
(ω(Z), ιZ ) acts as a supremum for {(Zδ, ιZδ

) : δ ∈ ∆}.
Proof: R14.Add.3ii shows that Z is a normal basis for (X,∨{τδ : δ ∈ ∆}). For each δ in

∆ let Uδ be the separated totally bounded uniformity associated with the compactification
class of (ω(Zδ), ιZδ

) and let U be the separated totally bounded uniformity associated with
the compactification class of (ω(Z), ιZ ). R14.Add.1 shows that (ω(Z), ιZ ) is an upper
bound for {(ω(Zδ), ιZδ

) : δ ∈ ∆} and so by R13.1.2 Uδ ⊆ U for every δ ∈ ∆. By R14.1.3,
Zγ ⊆ Zδ implies Uγ ⊆ Uδ and so {Uδ : δ ∈ ∆} is a directed set relative to containment.
Let U ∈ U . By R14.1.3 and the directed set hypothesis, U ∈ ∪{Uδ : δ ∈ ∆}, which is
∨{Uδ : δ ∈ ∆} by R14.Add.4. Thus U = ∨{Uδ : δ ∈ ∆}. The conclusion now follows from
R13.1.7.

In R9.2.4 the underlying topological space is assumed to be discrete and the normal
bases are all obtained from some n-compatible equivalence relation on X. The following
corollary shows that those limiting assumptions can be removed.

Corollary R14.Add.7 Let (X, τ ) be a T3 1

2

space and let {Zδ : δ ∈ ∆} be a non-

empty collection of normal bases for (X, τ ) which is a directed set relative to containment.
Let Z = ∪{Zδ : δ ∈ ∆}. Then (ω(Z), ιZ) acts as a supremum for {(Zδ, ιZδ

) : δ ∈ ∆}.
Proof: This is a special case of the previous result, with τδ = τ for every δ ∈ ∆.

Additional Reference

9. This website, R13: Mixed Suprema
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