
Existence of the Supremum via Uniform Space Theory

The existence of suprema for collections of compactifications of a given space was first
proved by Lubben [3] in 1941. The method used in this section to show that existence was
likely known by the early 1950s, but I have no reference.

Since the closure of a totally bounded subspace is also totally bounded, it has often
been noted that a Hausdorff completion of a totally bounded separated uniform space
leads to a T2 compactification of the underlying topological space, e.g. Isbell [1 pp 21-24].
Examining this observation carefully leads to this section’s main result.

Given a T3 1

2

space (X, τ ), T B(X) will denote the set of totally bounded uniformities

that generate τ . Facts and definitions mentioned in [4], [5], and [6] will be used without
reference.

The first lemma, which can be found in Kelley [2 p.195], is restated without proof for
convenient reference.

Lemma R1.1 Let (Y1,V1) and (Y2,V2) be uniform spaces with (Y2,V2) complete and
separated. Let X be a dense subspace of Y1 and let f : X → Y2 be uniformly continuous.
Then f has a unique uniformly continuous extension F : Y1 → Y2.

Lemma R1.2 Let (X, τ ) be a T3 1

2

space and let U be a totally bounded uniformity

such that τ (U) = τ . Let (X1,V1) and (X2,V2) be separated completions of (X,U) with
uniform embeddings f1 : X → X1 and f2 : X → X2. Then (X1, f1) and (X2, f2) are
equivalent T2 compactifications of X.

Proof: (X1,V1) and (X2,V2) must be unimorphic, and, as an easy application of R1.1,
a unimorphism h : X1 → X2 can be chosen so that h ◦ f1 = f2. At the topological level h

is the required homeomorphism between the T2 compactifications X1 and X2.

Lemma R1.2 makes possible the next definition.

Definition R1.3 For a T3
1

2

space (X, τ ) and U ∈ T B(X), let Ψ0(U) = [(X1, f1)],

where (X1,U1) is a separated completion of (X,U), f1 : X → X1 is a uniform embedding,
and the topology on X1 is τ (U1).

Proposition R1.4 For any T3 1

2

space (X, τ ), if (Y, g) is a T2 compactification of X,

then there exists U ∈ T B(X) such that Ψ0(U) = [(Y, g)].

Proof: Let V be the unique uniformity generating the topology of Y . Then (Y,V) is
complete and totally bounded, and the subspace uniformity on g[X] inherits total bound-
edness. Let U be the uniformity on X induced by the subspace uniformity on g[X], i.e.,
U = {U : U ⊇ (gxg)−1[V ] for some V ∈ V}. Then U is totally bounded, τ (U) = τ , and g

is a uniform embedding. Thus (Y,V) is a separated completion of (X,U) with embedding
g, and so by definition Ψ0(U) = [(Y, g)].

Proposition R1.5 Let (X, τ ) be a T3 1

2

space and let U1,U2 ∈ T B(X). Then U2 ⊇ U1

if and only if Ψ0(U2) ≥ Ψ0(U1).

Proof: Let Ψ0(Ui) = [(Yi, fi)], where Yi is a completion of (X,Ui) and fi : (X,Ui) → Yi

is a uniform embedding.

First assume U2 ⊇ U1. Then the identity map, I : (X,U2) → (X,U1), is uniformly
continuous as is the map f1 ◦ I ◦ (f2)

−1 : f2[X] → f1[X]. By 1.1 the latter has a unique
uniformly continuous extension h : Y2 → Y1. Since h extends f1 ◦ I ◦ (f2)

−1, the equation
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h◦f2 = f1 follows immediately. Since the dense f1[X] is contained in h[Y2], h is onto. The
existence of the continuous surjection h shows Ψ0(U2) ≥ Ψ0(U1).

Next assume Ψ0(U2) ≥ Ψ0(U1). By definition there is a continuous onto map h from
Y2 to Y1 such that h ◦ f2 = f1. Since Y2 is compact, h is also uniformly continuous and so
is f−1

1 ◦ h ◦ f2, which is the identity map from (X,U2) to (X,U1). Thus U2 ⊇ U1.

Corollory R1.6 For any T3 1

2

space (X, τ ), let U1,U2 ∈ T B(X). If Ψ0(U1) = Ψ0(U2),
then U1 = U2.

Proof: Immediate from R1.5.

The next corollary is not needed immediately but will be useful later in identifying
the uniformity associated with a given compactification.

Corollary R1.6a Let (X, τ ) be a T3 1

2

space, let (Y, g) be a T2 compactification of X,

and let W ∈ T B(X). Then Ψ0(W) = [(Y, g)] if and only if g is a uniform embedding from
(X,W).

Proof: Let U be the uniformity in T B(X) constructed as in the proof of R1.4. As
shown there, Ψ0(U) = [(Y, g)] and g is a uniform embedding from (X,U). If Ψ0(W) =
[(Y, g)], then U = W by R1.6 and g is a uniform embedding from (X,W) as required. For
the converse, the hypothesis implies that g ◦ g−1 is a unimorphism from (X,W) to (X,U).
Since g ◦ g−1 is the identity map on X, W = U and Ψ0(W) = [(Y, g)].

Theorem R1.7 [Lubben] Let (X, τ ) be a T3
1

2

space , and let {(Yα, gα) : α ∈ ∆} be
a non-empty set of T2 compactifications of X. Then there exists a T2 compactification
(Y, g) such that [(Y, g)] ≥ [(Yα, gα] ∀α ∈ ∆ and, if [(Z, h)] ≥ [(Yα, gα] ∀α ∈ ∆, then
[(Z, h)] ≥ [(Y, g)].

Proof: For each α, by R1.4 there is Uα ∈ T B(X) with Ψ0(Uα) = [(Yα, gα)]. Let
U =

∨
Uα and let (Y, g) be a T2 compactification of X such that Ψ0(U) = [(Y, g)]. Since

U is the supremum of {Uα : α ∈ ∆}, it is clear from R1.5 that [(Y, g)] will also satisfy the
two requirements for a least upper bound.

In the context of R1.7, (Y, g) will be loosely refered to as the supremum of {(Yα, gα) :
α ∈ ∆}, although clearly uniqueness holds only up to equivalence.

Notation: For any T3
1

2

space (X, τ ), let UM denote
∨
{U : U ∈ T B(X)}. If (X, τ ) is a

locally compact, T2 space, let Um denote {U : U ⊇
⋃n

i=1
Oi × Oi where O1, . . . , On are an

open cover of X and at least one Oi has a compact complement}.

Corollary R1.8 For any T3 1

2

space (X, τ ), Ψ0(UM ) = [(βX, ι)], where (βX, ι) is the

Stone-Čech compactification of X.

Proof: Since UM is the largest element of T B(X), Ψ0(UM ) must be the largest com-
pactification class, i.e. Ψ0(UM ) = [(βX, ι)].

Proposition R1.9 Let (X, τ ) be a non-compact locally compact, T2 space. Then
Um is the smallest element in T B(X) and Ψ0(Um) is the equivalence class of the one-point
compactification.

Proof: Let X+ = X ∪ {∞} have the one-point compactification topology, and let
the embedding ι+ be the inclusion map. Let V be the element of T B(X) with Ψ0(V) =
[(X+, ι+)]. It is sufficient to show Um = V . First note that V is simply the subspace
uniformity induced from the unique uniformity for X+, which is the collection of all neigh-
borhoods of the diagonal in X+ ×X+. The required equality easily follows since arbitrary
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open covers of X+ reduce to finite covers and open sets containing ∞ are characterized as
having a compact complement in X.
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Added 2023

This added subsection provides a proof of R1.1, partly to make the site more self-
contained and partly because [2] may not be as widely available as it once was. The proof
may or may not differ from Kelley’s. I no longer have a copy to check.

Lemma R1.Add.1 Let (Y1,V1) and (Y2,V2) be uniform spaces with (Y2,V2) com-
plete. Let X be a τ (V1)-dense subspace of Y1 and let f : (X,U) → (Y2,V2) be uniformly
continuous, where U is the subspace uniformity on X from V1. Then f extends to a
uniformly continuous F : (Y1,V1) → (Y2,V2).

Proof: If X = Y1, set F = f . Thus assume Y1 6= X. For each y ∈ Y1 − X, let Sy

be the set of nets in X converging to y. By density each Sy 6= ∅ and by the axiom of
choice

∏
{Sy : y ∈ Y1 − X} is non-empty. Pick p ∈

∏
{Sy : y ∈ Y1 − X}. For x ∈ X,

let F (x) = f(x). For y ∈ Y1 − X, write the net p(y) as {xα}. Since {xα} converges to
y, the net is Cauchy by P4.16. Since f is uniformly continuous, the image net, {f(xα)},
is also Cauchy by P4.17. Since (Y2,V2) is complete, the image net is convergent. Let
F (y) be defined as a limit of the image map. By definition F extends f . It will be shown
that F is uniformly continuous. Let V ∈ V2 and pick W ∈ V2 with W = W−1 and
W ◦ W ◦ W ⊆ V . By hypothesis (f × f)−1 [W ] ∈ U and so there is U ∈ V1 with U = U−1

and (U◦U◦U)∩(X×X) ⊆ (f×f)−1 [W ]. It is claimed that U ⊆ (F×F )−1[V ], which would
show that (F×F )−1[V ] ∈ V1 so that F is uniformly continuous. Let (a, b) ∈ U . Pick nets in
X converging to a, respectively b as follows. (Notation: {aα} with directed set D and {bβ}
with directed set E such that {aα} converges to a and {bβ} converges to b.) If a or b is in
X, use a constant net. Otherwise use the net determined by the choice function p. By the
defintion of F , {f(aα)} converges to F (a) and {f(bβ)} converges to F (b). By the directed
set property, there is α1 ∈ D such that α ≥ α1 implies (aα, a) ∈ U and (f(aα), F (a)) ∈ W .
Similarly, there is β1 ∈ E such that β ≥ β1 implies (bβ , b) ∈ U and (f(bβ ), F (b)) ∈ W .
Pick α ≥ α1 and β ≥ β1. Since (a, b) ∈ U , (aα, bβ) ∈ (U ◦ U ◦ U) ∩ (X × X) and so
(f(aα), f(bβ )) ∈ W . It follows that (F (a), F (b)) ∈ W ◦W ◦W ⊆ V . Thus U ⊆ (F×F )−1[V ]
as claimed.

The following corollary is R1.1.
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Corollary R1.Add.2 Let (Y1,V1) and (Y2,V2) be uniform spaces with (Y2,V2) com-
plete and separated. Let X be a τ (V1)-dense subspace of Y1 and let f : (X,U) → (Y2,V2)
be uniformly continuous, where U is the subspace uniformity on X from V1. Then f has
a unique uniformly continuous extension F : (Y1,V1) → (Y2,V2).

Proof: The lemma above shows there is at least one extension. Since V2 is separated,
τ (V2) is T2. Two continuous maps into a T2 space which agree on a dense subset of the
domain must be identical. Thus the extension is unique.
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