Normal Bases

This section summarizes the Wallman-Frink construction of compactifications via nor-
mal bases. Detailed proofs and references to original sources for this approach can be found
in [1] or [2].

Definition P3.1 Let (X, 7) be an arbitrary topological space and let Z be a family
of subsets of X. Z is a normal basis for X if and only if

i) Z is a base for the closed subsets of X.

ii) Z is closed under finite unions and intersections.

iii) If E is closed and = ¢ FE, then there exists Z € Z such that x € Z and
ZNE=4.

iv) If Z1,Z € Z with Z3 N Zy = (), then there exist C1,Cy € Z such that
chluog andZigX—Ci fOfiZl,Q.

It is easy to check that, for a normal basis Z, if X # () then X € Z. On this website
X # (0 is always assumed for a space (X, 7).

Definition P3.2 Let (X, 7) be a topological space with normal basis Z. Let F be a
family of subsets of X. F is a Z-filter if and only if

) AFCZand ) ¢ F.
ii)F is closed under finite intersections.
iii)For A,B€ Z,if A€ F and A C B, then B € F.

Convergence of a Z-filter is defined as expected: F — x provided every neighborhood
of x contains an element of F. A maximal Z-filter is called a Z-ultrafilter. A routine Zorn’s
Lemma argument show that every Z-filter is contained in a Z-ultrafilter. The point-filters,
defined for x € X as F, = {Z € Z: x € Z}, are examples of Z-ultafilters.

Lemma P3.3 Let (X,7) be a topological space with normal basis Z. Let F be a
Z-filter. Then the following are equivalent:

i)F is a Z-ultrafilter.
i) If Aec Zand ANF #( for all F € F, then A € F.
iii) For every A € Z, either A € F or there exists Z € F with Z C X — A.

A Z-filter F is called free if NF = @ and fixed if NF # (). Clearly point-filters are
fixed. In fact, a Z-ultrafilter is fixed if and only if it is a point-filter. Also, if X is T, then
NF, = {z}.

Proposition P3.4 Let (X, 7) be a topological space with normal basis Z. Then the
following are equivalent:

i) (X, 1) is compact.
ii) Every Z-filter is fixed.
iii) Every Z-ultrafilter is fixed.

Definition P3.5 Let (X, 7) be a topological space with normal basis Z. w(Z) denotes
the set of all Z-ultrafilters. For Z € Z, Z¥ ={F e w(Z): Z € F} and Z¥ = {Z¥ : Z €

Proposition P3.6 Let (X, 7) be a topological space with normal basis Z. For § C
w(Z), call S closed provided for every F ¢ S there is Z¥ € Z¢ such that S C Z“ and
F ¢ Z“. Then the closed sets so defined determine a topology on w(Z) for which Z¢ is a
normal basis.

In what follows w(Z) will always have the topology described in P3.6.
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Proposition P3.7 Let (X, 7) be a topological space with normal basis Z. Then w(Z)
is compact and T5.

Definition P3.8 Let (X, 7) be a topological space with normal basis Z. The map
Lz : X — w(Z) is defined by vz(z) = F,.

Proposition P3.9 Let (X, 7) be a topological space with normal basis Z. Then

i) 1z is continous and a closed map into its image ¢tz [X].
ii) tz is one-to-one if and only if (X, 7) is T;.

Theorem P3.10 Let (X,7) be a T} topological space with normal basis Z. Then
(X,7) is T31 and (w(Z£),:z) is a Ty compactification of X.

Definition P3.11 Let (X, 7) be a topological space and let A C X. A is a zero-set of
X if and only if there is f : X —IR continous such that A = f~1[{0}]. Z(X) will denote
the collection of zero-sets of X.

Proposition P3.12 Let (X, 7) be completely regular. Then Z(X) is a normal basis
for X.

Theorem P3.13 Let (X, 7) be a Ty space. Then (X, 7) is Ty1 if and only if there is
a normal basis for X.

If (X, 7) is not T} but has a normal basis Z, it is not hard to verify that X must be
stable in the sense of [3], i.e., z € O € 7 = {z} C O. It can also be shown that (X, 7) has
a normal basis if and only if (X, 7) is completely regular.

Theorem P3.14 Let (X, 7) be a T3, space. Then (w(Z(X)),tz(x)) is equivalent to

(6X, ).
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